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The process of  hea t  t ransfer  in fibrous ma te r i a l s  with a r andom s t ruc-  

ture is e x a m i n e d  and a m e t h o d  is proposed for c a l c u l a t i n g  the  e f fec -  

t ive  t h e r m a l  conduc t i v i t y  as a func t ion  of the  cha rac t e r i s t i c  p a r a m -  

eters of the  system ( the rma l  condue t iv i t i es  of  the  components ,  thei r  

vo lume  concen t r a t i on ,  t e m p e r a t u r e ,  pressure of  the  in te rs t i t ia l  gas,  

e tc . ) .  

A dis t inct ive  feature of f ibrous sys tems  is the low 
volume concent ra t ion  of the solid component (from 
20to 0.1%) and its cons iderable  elongation (rat io of 
f iber  length to d iamete r  more  than 100). 

F ibrous  ma te r i a l s  can be divided into three c l a s se s  
according to the i r  s t ruc tu re :  1) sys t ems  with a random 
fiber  d i s t r ibu t ion  (wool, felt); 2) sys tems  with an 
ordered  f iber  d is t r ibut ion  (cloths,  mats) ;  3) combined 
sys tems ,  combinat ions  of random and ordered  f iber  
d i s t r ibu t ion  (a l te rna t ing  layers  of wool and cloth, 
napped ma te r i a l s ,  etc.).  We will  examine an analytic 
method of de te rmin ing  the effective the rmal  conductiv-  
ity of a f ibrous sys tem with a random f iber  a r r a n g e -  
ment .  

F ib rous  sys t em model.  A rea l i s t i c  model  is  one 
with a random a r r a n g e m e n t  of inf ini te ly long cyl inders .  
We assume that the effective the rmal  conductivity of 
the actual  f ibrous sys tem (s ta t i s t ica l  f iber  mixture)  
and the effective the rmal  conductivity of an ordered  
s t ruc tu re  are the same if the coeff icients  of the rmal  
conductivity and the concent ra t ions  of the components  
of the actual  and ordered  s t ruc tu re s  are  the same.  The 
model of an ordered  s t ruc tu re  is shown in Fig.  la .  
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Fig. I. Model of fibrous system: a)general 
view of model with cylindrical fibers; b) fiber 

contact; c) ordered system. 

Consider  f i r s t  heat t r a n s f e r  in this model at the 
f iber  contact points 1 -2  and 2-3 .  The contact a rea  

29-35,  1968 

S c (Fig. lb) between f ibers  is smal l  compared with 
the c ros s  section Sf of the f ibers :  S c -< 1 �9 10-4Sf [1]. 
Accordingly,  the total heat flux Oc through contacts 
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Fig. 2. Model of fibrous system in 
the form of two interpenetrating 
components with square bars of 
constant cross section: a) general 

view of system; b) unit cell. 

1-2  and 2 - 3  is negligibly smal l  as compared with the 
flux Qf along the f ibers  3 and through the in te r s t i t i a l  
gas Qg. This pe rmi t s  to s impl i fy  the model to a sy s -  
tem of in t e r sec t ing  cyl inders  forming a cubic space 
lat t ice .  Pa r t  of this sys tem is shown in Fig.  lc .  

Notice that rep lac ing  the cyl inders  with square 
f ibers  of the same c ros s  sect ion will not affect much 
the effective the rmal  conductivity of the sys tem (Fig. 
2a), although the he a t - t r a n s f e r  analys is  will be con- 
s iderably  s implif ied.  The model of in te rpene t ra t ing  
components with square bars of constant cross section 
shown in Fig. 2a was investigated in [2]. 

The thermal conductivity k of the system is related 
with the thermal conductivity k I of the fibers, the ther- 
mal conductivity ~2 of the interstitial gas, and its 
volume concentration m 2 as follows [2] 

[ 2 r e ( l - - c )  ] 

v -- , (1) 
kl 

where the pa ramete r  c depends on the volume con- 
cent ra t ion  as 

rn2 = 2c ~ - -  3c 2 -t- 1, (2) 
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whose solution is 

with 

c = 0.5 + A cos ~---, (3) 
3 

0 -~ m~ .~ 0.5, A = - -  1, q~ = arccos (I--2m2), 

0.5 K m~ .~ 1.0, A = 1, qo = arccos(2m~ - -  1), 

270 ~ ~ qo .<.~ 360 ~ 

Pa r t  of the unit  cell  of the sys tem with long- range  
o rder  shown in Fig. 2a is r ep resen ted  in Fig. 2b. It 
can be shown that c = A/L  where A is the thickness  
of the bar ,  and L the height of the unit cell .  

The the rmal  conductivity ~2 of the gas is de te rmined  
from the condition that the heat conduction ~2 of the 
gas component  in the unit cel l  should equal the sum of 
molecu la r  ff2m, convective ~2c, and radiat ive ff2r heat 
t r ans fe r  

o2 = O2m'+ ~c + ~r" (4) 

If L is  the d imens ion  of the unit cell  in the d i r ec -  
t ion of heat flow and S is the c ro s s - s ec t i ona l  a r ea  of 
the cell ,  then 

) ~ S  _ )~2m S ~.zc S ~2r S 

L L + - C -  + - C  - '  

whence 

;~ = ;%m+ ~,2r + ;%r, (5) 

where X2m, X2c, X2r a re  the molecular ,  convective,  
and radia t ive  components  of the the rmal  conductivity 
coefficient.  

We will  examine the individual components of the 
the rmal  conductivity of the gas in g rea te r  detail.  

Under na tura l  condit ions there  is a lmos t  no con- 
vection in the sys tem and accordingly we can set  XRc = 
= 0 [3]. The molecu la r  component X2m can differ f rom 
the t he rma l  conductivity ~0 at normal  p r e s s u r e  H 0 [4] 

~2tll == ~'0 
B ' 

I + - -  
H~' 

4 Cp 
B--  c~ 1 2__--aHo A~ , (6) 

! 1 +  cp Pr a 1 +  c 
c v T 

where Cp/C v is the ra t io  of specific heats;  a is an 
accommodat ion factor;  P r  is  the Prandt l  number  under  
no rma l  condit ions of p r e s s u r e  and t empera tu re  T; H 
is the in t e r s t i t i a l  gas p r e s su re ;  A~o is the molecular  
mean free path at high t empera tu re ;  and C is the 
Sutherland constant.  

We define the pore d imens ion  6' as the distance 
between two solid sur faces  t r ave r s ed  by a gas mole-  
cule. The min imum value of this  dis tance is 5~ = 
= 2 (L - A ) ;  the maximum value is the total thickness 
of the f ibrous sys tem l, i . e . ,  

Consequently, 

For  smal l  f iber  volume concentra t ions  the value of 
5' approaches l. 

For  a quanti tat ive es t imate  of the effective pore 
size we will cons ider  a somewhat modified model,  in 
which each success ive  f iber in the d i rec t ion of heat 
flow is displaced perpendicu la r  to the heat flow by an 
amount  equal to its d iameter .  This  is equivalent  to 
the d i sp lacement  of each success ive  unit cel l  by the 
width of a bar .  We bel ieve that this model is c loser  
to the actual  s t ruc tu re .  For  such a model 6'  can be 
found f rom 

6 ' = 2 L  2L--2A 2 A = 2 A [ 1 - - c  1] (7) 
2A [_ ] c ~ " 

Equation (7) is  a rough approximation.  
Since the cy l indr ica l  and square c ross  sect ions  are 

equal, it follows that A is re la ted  to the f iber  d iam-  
eter  D by 

h = ~ -  D. (8) 

Using (8), we wri te  (7) as 

V ~  
8 ' ~ .  2 q (9, 

For  very  thin f ibers ,  even at no rma l  external  gas 
p r e s s u r e ,  the mean free path may exceed 6' .  This 
should be kept in mind in de te rmin ing  k2m. Relat ions 
(6) and (9) allow this effect to be taken into account.  
In mos t  cases  the mean  free path is  much less  than 
the d is tance  between f ibers ,  i . e . ,  

Radiat ive component.  Radiat ive heat exchange con- 
s t i tutes  a cons iderable  f ract ion of the total t r ans f e r  
in fibrous sys tems  owing to the low f iber  concen t ra -  
tion. Moreover ,  the rad ia t ive  heat exchange is  affected 
by the emiss iv i ty  of the sur faces  bounding the f ibrous 
sys tem and the d is tance  between them [5-9].  Accord-  
ingly, in der iv ing the functional re la t ion  l inking the 
the rmal  conductivity of f ibrous sys tems  with the cha r -  
ac te r i s t i c  pa r a me t e r s ,  we will  cons ider  heat t r ans f e r  
not in the unit  cell  but ac ros s  the sys t em as a whole 
with al lowance for the cha rac te r i s t i c s  of the bounding 
sur faces .  Consider  a homogeneous isot ropic  medium 
with the following in tegra l  cha rac t e r i s t i c s :  absorpt ion 
coefficient a ,  sca t te r ing  coefficient  cr, and some ther -  
mal  conductivity coefficient ~c- The la t te r  takes into 
account molecu la r  heat  t r ans f e r  through the gas and 
conductive t r ans fe r  along the f ibers .  Assume that 
there  is no convective heat t r ans f e r ,  and that the su r -  
faces of the isotropic  medium are  para l le l  and i so ther -  
mal.  

This  problem was invest igated by a number  of 
authors ,  in pa r t i cu la r ,  for  a random fibrous sys tem 
[8]. However, with this r e su l t  i t  is not possible  to 
evaluate the rad ia t ive  component of the effective the r -  
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m a l  conduc t i v i t y  of  the s y s t e m  wi thou t  r e s o r t i n g  to an 
e x p e r i m e n t a l  d e t e r m i n a t i o n  of c e r t a i n  p a r a m e t e r s ,  in 
p a r t i c u l a r ,  the  a t t enua t ion  f a c t o r .  

Us ing  the g e n e r a l  f o r m u l a t i o n  of  the  p r o b l e m  and 
the  ind iv idua l  r e s u l t s  r e p o r t e d  in [6, 7], we wi l l  e x -  
a m i n e  an a n a l y t i c  m e t h o d  of d e t e r m i n i n g  the  a t t e n u a -  
t ion  f a c t o r  in the c a s e  of to ta l  a b s o r p t i o n  of the  r a d i a -  
t ion.  

In the  g e n e r a l  c a s e ,  the  a t t enua t ion  of  r a d i a t i o n  
i n t e n s i t y  in a m e d i u m  is  d e t e r m i n e d  by a b s o r p t i o n  and 
s c a t t e r i n g .  The  a t t enua t i on  f a c t o r  fi(v) i s  equa l  to the  
s u m  of the  a b s o r p t i o n  a (v )  and s c a t t e r i n g  g(v) c o e f -  
f i c i e n t s  

fi (v) = a(v) + o(v). (10)  

In the  e a s e  of to ta l  a b s o r p t i o n  (~ = 0) the a t t enua t ion  
f a c t o r  i s  equa l  to the  a b s o r p t i o n  c o e f f i c i e n t :  

~(~) = a(~) .  

The  m e c h a n i s m  of h e a t  t r a n s f e r  in a h o m o g e n e o u s  
i s o t r o p i c  m e d i u m  wi th  z e r o  s c a t t e r i n g  was  e x a m i n e d  
in de t a i l  in [9], w h e r e  an e x p r e s s i o n  was  g iven  fo r  the  
r a d i a t i v e  c o m p o n e n t  of  the  t h e r m a l  conduc t iv i t y  as  a 
funct ion  of a b s o r p t i o n  c o e f f i c i e n t  a ,  the  t e m p e r a t u r e  
of the  m e d i u m  T,  the  t h i c k n e s s  of the  f i b rous  s y s t e m  
l,  and the  e m i s s i v i t y  of  the  s u r f a c e s  bounding  the  s y s -  
t e m  e:  

16 asT3y 
3 a 

Y 1 3 [i 4K3 (~)] 2 . . . . .  X 

4T 3T 

x ( I - -  e) I i - -  3K4 (~)]~ 
l + 2 ( l - - e )  Ka(z) ' (11) 

w h e r e  c~ S i s  the  S t e f a n - B o l t z m a n n  cons t an t  a S = 5.67 �9 
�9 10-s  W / m  2 . deg;  

l 

0 

x ~,~-2 d ~,, ~ = cos O, "~ = al. 

Va lues  of Y = Y ( e ,  T) w e r e  t abu la t ed  in [9]; a g r a p h  of  
T = l-(e, Y) i s  p r e s e n t e d  in F ig .  3. 

We wi l l  f ind the  r e l a t i o n  b e t w e e n  the  a b s o r p t i o n  
c o e f f i c i e n t  and the  g e o m e t r i c  p a r a m e t e r s  of the  f i b r o u s  
s y s t e m ,  which  we r e p r e s e n t  in the f o r m  of two i n t e r -  
p e n e t r a t i n g  c o m p o n e n t s .  By de f in i t ion  [10] 

S a t t  (12) 
~ -  S a x '  

w h e r e  Sat  t i s  the  e f f e c t i v e  c r o s s  s e c t i o n  of  the  p a r t i c l e s  
a t t enua t ing  the  r a d i a t i o n  on an a r e a  S in a l a y e r  of  
t h i c k n e s s  Ax equal  to the  m e a n  d i s t a n c e  b e t w e e n  p a r -  
t i c l e s  (F ig .  2b). 

F o r  the  unit  c e l l  in ques t ion  (F ig .  2b) the c r o s s  
s ec t i on  p a r a m e t e r  in a p lane  p e r p e n d i c u l a r  to the hea t  
f low is  S = L 2, w h i l e  Ax  c o r r e s p o n d s  to the edge  of the  
uni t  ce l l  (&x = L), and the  a t t enua t ion  s u r f a c e  

S a t  t = L 2 - -  (L - -  A) ~. (13) 

With (8), (4), and (13), (ii) is reduced to 

L ~- - -  (L - -  A) ~ = 

L2L 
c ~ (2 - -  c) _ 2.26 c2 (2 --c), 

A D 

(14) 

w h e r e  c = A / L  is  the  p a r a m e t e r  a s s o c i a t e d  wi th  the  
gas  v o l u m e  c o n c e n t r a t i o n  m 2 in Eq.  (3). 

On the  b a s i s  of  (10) and (14) 

k r=O.134  D ( T ) ~ cq2-~) - - ~  Y" (15) 

If the  a t t enua t ion  depends  e x c l u s i v e l y  on the s c a t t e r -  
ing (a = 0), then [6] 

~L r = 0.225 . 2 2 _  1 + el ~ " (16) 

S 

In most  cases the scat ter ing coef f ic ient  is de te r -  
mined exper imen ta l l y .  However ,  i f  the re f rac t i ve  
index  of the  f i b e r  m a t e r i a l i s  known, cr c a n b e  e s t i m a t e d  
f r o m  the  f o r m u l a  [6] 

a@)-- 4(l--m,) ksc, (17)  
~ D  

where ksc is the scattering coefficient for an individual 
spherical particle with refractive index n(v) equal to 
the refractive index of the fiber and with diameter 
equal to the fiber diameter. The scattering coefficients 
for spherical particles were calculated in [ii] as a 
function of the complex refractive index and the rela- 
tion between the particle diameter and the wavelength 
of the incident radiation. 

In particular, if the fiber diameter is much less 
than the wavelength of the incident radiation, ksc for 
the given wavelength may be calculated from [12, 13] 

8 (nD~)4 n*--I (18) 
k ,c  = ~ -  n ~ + 1 " 

Here, n is the complex refractive index  of the  material. 
If the fiber diameter is much greater than the wave- 

length of the incident radiation, then 

0.4 

In the e v e n t  that  the a t t enua t ion  is  c a u s e d  by both 
a b s o r p t i o n  and s c a t t e r i n g ,  then,  if 

T1 >> 3 (T1 - -  T~) (20) 
a l  

w h e r e  T 1 and T 2 a r e  the  t e m p e r a t u r e s  of the  bounding  
s u r f a c e s ,  the fo l lowing  e x p r e s s i o n  can  be  used  fo r  
the r a d i a t i v e  c o m p o n e n t  [6]: 

4~s T3~ 

(t~ + o) 

Xt 2 5 ( 1 - - e ) + ~ * - ~ - V - ~ 2 - - a ~ 8 ( 2 - - ~ )  t ' ( 2 1 )  
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We have p roposed  a number  of fo rmulas  for  c a l cu -  
la t ing the r ad i a t i ve  components  of the t h e r m a l - c o n -  
duct ivi ty  coeff ic ient  a s  a function of the p r o p e r t i e s  of 

L /40 
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~o 

60 

40 

O~ 0.$ Q7 0.8 0~r y 

Fig.  3. Coeff icient  Y as  a function 
of the opt ica l  path ~- for  var ious  
e m i s s i v i t i e s  e of the bounding 

su r f aces .  

the f ib rous  sys t em.  However ,  for  mos t  f ibrous  m a -  
t e r i a l s  i t  i s  pos s ib l e  to ca lcu la te  the r ad i a t i ve  com-  
ponent of t h e r m a l  conduct ivi ty  f rom Eq. (15) taking 
only absorp t ion  into account.  

The effect ive t he rma l - conduc t i v i t y  coeff ic ient  of 
an o r d e r l e s s  f ib rous  sy s t em can be ca lcu la ted  f rom 
Eqs.  (1), (5), (6), (9), and (11). A compar i son  with 
the expe r imen t a l  da ta  shows s a t i s f a c t o r y  ag reeme n t .  

NOTATION 

is  the effect ive t h e r m a l  conduct ivi ty  of f ib rous  
s y s t e m s ,  h 1 is  the t h e r m a l  conduct ivi ty  of the  f i b e r s ;  
~2 i s  the t h e r m a l  conduct ivi ty  of the i n t e r s t i t i a l  gas ;  
m 2 is  the f ibe r  volume concent ra t ion;  D is  the f iber  

d i a m e t e r ;  5' is  the d i s t ance  between f ibe r s ;  fl, ~ ,  ~ a r e  
the a t tenuat ion fac to r ,  absorp t ion ,  and s ca t t e r i ng  coef-  
f ic ien ts ;  e is  the e m i s s i v i t y  of the re f l ec t ing  su r f ace s ;  
l is  the th ickness  of the f ib rous  sy tem;  and T i s  the 
t e m p e r a t u r e  of the f ibrous  sys t em.  
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